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a b s t r a c t
A model for gas transport from an encapsulated microbubble into the surrounding medium is developed
and investigated incorporating the effects of encapsulation elasticity. Encapsulation elasticity stabilizes
microbubbles against dissolution and explains the long shelf life of microbubble contrast agent. We consider air bubbles as well as bubbles containing perﬂuorocarbon gas. Analytical conditions between saturation level, surface tension and interfacial dilatational elasticity are determined for attaining non-zero
equilibrium radius for these microbubbles. Numerical solution of the equation veriﬁes the stability of
the equilibrium radii. In an undersaturated medium all encapsulated bubbles dissolve. In a saturated
medium, an encapsulated bubble is found to achieve a long-time stable radius when interfacial dilatational elasticity is larger than equilibrium surface tension. For bubbles with interfacial dilatational elasticity smaller than the equilibrium surface tension, stable bubble of non-zero radius can be achieved only
when the saturation level is greater than a critical value. Even if they initially contain a gas other than air,
bubbles that reach a stable radius ﬁnally become air bubbles. The model is applied to an octaﬂuoropropane ﬁlled lipid-coated 2.5 lm bubble, which displayed a transient swelling due to air intake before
reaching an equilibrium size. Effects of elasticity, shell permeability, initial mole fraction, initial radius
and saturation level are investigated and discussed. Shell permeability and mole fraction do not affect
the ﬁnal equilibrium radius of the microbubble but affect the time scale and the transient dynamics. Similarly, the ratio of equilibrium radius to initial radius remains unaffected by the variation in initial radius.
Ó 2009 Elsevier Inc. All rights reserved.

1. Introduction
Gas ﬁlled micron-size bubbles are intravenously injected in patients as contrast improving agents for diagnostic ultrasound imaging and for drug delivery [1–9]. Free air bubbles of such small size
dissolve in water in milliseconds [10]. Contrast microbubbles are
stabilized by encapsulating them with a layer of lipids (SonoVue,
Deﬁnity, and Sonazoid), proteins (human serum albumin for Optison), and surfactants (SonoRx, Imavist). Epstien and Plesset developed an analytical model for bubble dissolution and investigated
the effects of surface tension and saturation level of the surrounding liquid [11]. The pressure inside the bubble exceeds the external
pressure by the surface tension induced Laplace pressure; higher
pressure leads to higher gas concentration driving outward diffusion. Using less soluble perﬂuorocarbon instead of air and the
encapsulation lead to much longer shelf life for contrast microbubbles [3,10].
An encapsulation stabilizes a bubble by various mechanisms;
Wang et al. suggested three—reduced surface tension, increased
resistance to gas permeation and surface hardening [12,13]. The
ﬁrst two effects have been modeled [10]. But effects of surface
hardening, more precisely encapsulation elasticity, on stability
* Corresponding author. Fax: +1 302 831 3619.
E-mail address: sarkar@udel.edu (K. Sarkar).
0021-9797/$ - see front matter Ó 2009 Elsevier Inc. All rights reserved.
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against dissolution of encapsulated contrast microbubbles have
not been investigated. It is curious to note that almost all models
for encapsulation of contrast microbubbles assume it to be elastic.
Encapsulation elasticity increases the spring constant of the oscillating bubble and thereby increases its resonance frequency. Consequently, resonance radius as well as scattering and attenuation
cross-sections are affected, leading to major impact on overall contrast achieved by any microbubble contrast agent [1,14–22]. In this
paper we investigate the effects of encapsulation elasticity on stability of encapsulated microbubbles.
The effects of surface tension on bubble dissolution as described
by the Epstein–Plesset model was recently subjected to a careful
experimental test by Duncan and Needham [23]; they directly observed dissolution of a lipid-shelled bubble of radius 15 lm supported on a micropipette and found the model to be accurate
within 10%. For impeded gas permeability through the encapsulation, Borden and Longo assumed extra resistance terms due to a lipid monolayer and a PEG layer in the bubble dissolution model
[3,13]. The model was compared with experimental observation
of dissolution of a 25 lm lipid coated air bubble to infer a value
of 100–500 s/cm for the shell resistance depending on hydrophobic chain length in the lipid. We have recently developed a detailed
mathematical model of gas permeation through the encapsulating
shell and investigated the effects of surface tension and shell permeability on dissolution of an encapsulated contrast microbubble
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[10]. The model was then used to describe the behavior of a contrast microbubble similar to Deﬁnity using realistic material properties. We showed that such a microbubble before dissolving
experiences transient growth due to intake of air dissolved in the
surrounding medium. It explains our previous experimental observations of transient increase in attenuation in Deﬁnity [24] as well
as similar observations by other groups [25–27]. More importantly
for the present work, we found that even though low permeability
slows down bubble dissolution, for realistic parameters, bubble life
time of more than an hour is only possible with surface tension
lower than 1 mN/m. On the other hand, contrast agents are known
to have long self-life up to one year [28]. Here we show that shell
elasticity has an additional stabilizing effect leading to long-lasting
stable bubbles. It should be noted that there have been prior modeling studies of stabilizing effects of surface elasticity on bubbles,
but not speciﬁcally for contrast microbubbles. In the seventies,
Yount surmised an elastic skin of surface active materials on bubbles occurring in tap water and sea [29]. He investigated static
equilibrium of forces and showed that the surface pressure may
counter Laplace pressure impeding dissolution. Recently, Kloek
et al. performed a theoretical study of effects of interfacial and bulk
viscosity and elasticity on bubbles arising in aerated food products
[30]. They found that the viscosity only retards bubble dissolution,
but appropriate elasticity can stop it.
In our presentation, we brieﬂy describe the mathematical formulation of the gas transport from an encapsulated bubble using
an Epstein–Plesset model but modiﬁed for the permeability barrier
due to encapsulation [10]. We use an interfacial rheological model
for the encapsulation with an dilatational elasticity term [19]. We
discuss the static equilibrium radius for an encapsulated bubble.
We investigate a model contrast microbubble having properties
representative of contrast agent Deﬁnity; it has a lipid encapsulation and contains octaﬂuoropropane (OFP). Material properties
such as diffusivities, Ostwald coefﬁcients of air and octaﬂuoropropane were determined from the literature. Presence of octaﬂuoropropane inside and air dissolved in the surrounding medium is
modeled. We ﬁnally discuss the effects of various relevant properties such as permeability, initial bubble radius, and initial mole
fraction of OFP on bubble growth and stability. The ﬁnal section
summarizes our ﬁndings.
2. Mathematical formulation
We have discussed in detail the gas transport in the medium
surrounding an encapsulated bubble in a recent paper [10]. Here
we brieﬂy describe the mathematical equations for the sake of
completeness. We neglect convection and the unsteady effects
(time scale of dissolution is much larger than the time scale of
gas transport R0/hg, where R0 is the initial bubble radius and hg is
the permeability of gas through the membrane). The governing
equation for gas concentration C in the surrounding medium and
the boundary conditions (at the outer surface of the encapsulation
and far away from the bubble) are



1 o
2 oC
¼ 0;
r
r 2 or
or

kg


oC 
¼ hg ½C w  CðRÞ;
or R

Cðr ! 1Þ ¼ C 1 ;
ð1Þ

where R is the bubble radius, hg is permeability of the gas through
the encapsulation, kg is the diffusivity in the surrounding liquid, Cw
is the gas concentration at the inside wall of the encapsulation, and
C1 is the gas concentration far from the bubble. As has been discussed previously [10], the linear model of permeability is appropriate for both classical Fickian diffusion as well as an energy barrier
model that might be more appropriate for a monolayer [13,31].
One solves (1) to obtain

CðrÞ ¼

R2 ðC w  C 1 Þ

 þ C1:
k
r hgg þ R

ð2Þ

Using mass conservation at concentration Cg inside the bubble, one
obtains

dðR3 C g Þ
ðC 1  Lg C g Þ
 ;
¼ 3R2 kg 
kg
dt
þR

ð3Þ

hg

where we have assumed that the gas concentration at the inner
wall of the membrane Cw is directly related to the inside gas concentration by the Ostwald coefﬁcient (Lg) as Cw = LgCg. Far from
the bubble concentration C1 = fLgpatm/RGT. patm is the atmospheric
pressure and RG is the universal gas constant. The factor f describes
whether the liquid is saturated (f = 1), undersaturated (f < 1) or
oversaturated (f > 1) with the gas.
2.1. Elastic stabilization of single gas encapsulated bubble
The pressure inside the bubble exceeds the outside pressure by
the Laplace pressure due to surface tension c:

pg ¼ C g RG T ¼ patm þ

2cðRÞ
:
R

ð4Þ

The elasticity is modeled using a Gibbs elasticity type constitutive
model, where a dilatational surface elasticity Es term appears as
derivative of surface tension with respect to fractional change in
interfacial area [19]

Es ¼

dc
;
dA=A0

8
 

 

2
2
>
s
s
R
R
>
>
< c0 þ E R0  1 ; for c0 þ E R0  1 > 0;
 

cðRÞ ¼
2
>
>
>
for c0 þ Es RR0  1 6 0:
: 0;

ð5Þ

Here we assume that the initial radius R0 corresponds to a stressfree conformation: R0 = RE. c0  c(R0) is the surface tension at that
radius value. If the bubble radius increases from the stress-free value, surface tension increases; the increased tension at the interface
tries to bring the surface back to the stress-free conformation. On
the other hand, if the bubble radius is smaller than the stress-free
value, the second term in (5) is negative, and the compression results in a stress trying once again to bring the radius back to the
stress-free value. Note that as the radius changes,

cðRÞ > 0;
for Es =c0 6 1
cðRÞ > 0; for R > Rs
; for Es =c0 > 1; where Rs ¼ R0 ð1  c0 =Es Þ1=2 :
cðRÞ ¼ 0; for R 6 Rs
ð6Þ
We have imposed a restriction c(R) P 0. For c(R) < 0 the surface
could be in a compressive state which will lead to buckling [32].
Note that although elasticity is introduced here through surface
tension variation, one can very well take c0 and Es to be independent constitutive parameters. For a more solid interface, such a
physical model could be more appropriate (see discussion below).
Using Eqs. (4) and (5) and value of C1 = fLgpatm/RGT, we ﬁnd
from Eq. (3):

"
#
2c
dR
3Lg kg patm ð1  f Þ þ R

:
¼
4c
dc
kg
dt
þ R 3patm þ R þ 2 dR

ð7Þ

hg

As was underscored by Epstein and Plesset, Eq. (7) clearly shows
that the bubble is driven to dissolution by surface tension and
undersaturation (f < 1). Replacing air with a sparingly soluble gas
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(lower Lg) would lead to a longer shelf-life for contrast microbubbles. Also very low permeability (low hg) through encapsulation
would result in enhanced microbubble stability. Both methods of
stabilization are employed for commercial contrast microbubbles—encapsulating it with surface active molecules and replacing
air by perﬂuorocarbon.
Note that dc/dR is discontinuous at R = R0(1  c0/Es)1/2 from Eq.
(6). Therefore Eq. (7) becomes

2
 2
s
R
patm ð1  f Þ þ 2Rc0 þ 2ER
1
R0
6
dR
3Lg kg 6
4
¼
 2
kg
dt
s
þR
3patm þ 4Rc0 þ 4ER 2 RR0  1
hg
" 
#
2
R
for cðRÞ ¼ c0 þ Es
 1 > 0;
R0
dR
Lg kg
 ð1  f Þ;
¼
kg
dt
þR

3
7
7;
5
ð8Þ

2.2. Effects of multiple gases
For the case of a microbubble contrast agent containing a gas
other than air (e.g. perﬂuorocarbon), diffusion of both gases, air
(A) and perﬂuorocarbon (F), has to be considered. Far from the bubble, perﬂuorocarbon concentration CF(1) is zero, whereas air concentration is as before CA(1) = fLApatm/RGT. We get two equations
for the two gases from (3) [10,33]:

dðR3 C F Þ
LF C F
;
¼ 3RkF 
kF
dt
þ1

for cðRÞ ¼ 0:

Eq. (8) reduces to the familiar Epstein–Plesset form in absence of
encapsulation (hg ? 1, Es ? 0, or more appropriately in terms of
non-dimensional numbers hgR0/kg ? 1,_Es/(patmR0) ? 0) [11]. Nondimensionalizing Eq. (8), we get for R ¼ R=R0 as a function of
s ¼ tkg =R20

3

7
_ _ _
7; for c þ E R 2  1 > 0;
5
_

_

_

for c þ E R 2  1 6 0;



f pRatm
 CA
dðR3 C A Þ
GT
 :
¼ 3RkA LA 
kA
dt
þ1
The pressure balance across the gas–liquid interface obtains:

pA þ pF ¼ ðC A þ C F ÞRG T ¼ patm þ

respectively, where ag ¼ kg =ðhg R0 Þ, c ¼ 2c0 =ðpatm R0 Þ and E ¼ 2Es =
R0 Þ. Eq. (9) is numerically solved with the initial condiðpatm_
tion Rðs ¼ 0Þ ¼ 1 using MATLAB-R2007b (The MathWorks Inc., Natick, MA, USA). Using the non-dimensional form (9) instead of (8)
aids in numerical solution. Matlab subroutine ODE15s appropriate
for stiff differential equation is used. Solution requires a user deﬁned
function that provides the right-hand side of Eq. (9). Simulated results
have been checked for their independence of the various option
parameters (viz. absolute and relative tolerance values) of the solver.
It is evident from Eq. (8) that undersaturation (f < 1) results in
eventual bubble dissolution. In a saturated (f = 1) medium, a nonzero equilibrium bubble radius is reached if only the interfacial
tension c0 is counterbalanced by the encapsulation elasticity giving
c(R) = 0 and correspondingly dR/dt = 0 in Eq. (8):

for f ¼ 1 and Es > c0 :
ð10Þ

On the other hand, strong enough oversaturation (f > 1) can overcome interfacial tension resulting in a nonzero equilibrium radius:

Requilibrium ¼ R0

h

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi

e þ e2 þ 1  cE0s ; for f > 1 and Es P c0 ;
ð11Þ

ð1Þ

Requilibrium ¼ R0
ð2Þ

Requilibrium

where

h

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi 9

=
e þ e2 þ 1  cE0s >

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi ;
>
¼ R0 e  e2 þ 1  cE0s ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4
for f P 1 þ
Es ðc0  Es Þ and Es < c0 ;
Patm R0
ð12Þ
h

ðf 1Þ
e ¼ R0 patm
.
4Es

2cðRÞ
:
R

ð15Þ

Multiplying Eq. (15) by R3 and differentiating with respect to t, and
using Eqs. (13) and (14) we obtain an equation for R(t)

dR
¼ 
dt R2 3p

ð9Þ
_

ð14Þ

hA R

RG T

atm

_

Requilibrium ¼ Rs ¼ R0 ð1  c0 =Es Þ1=2

ð13Þ

hF R

hg

2_
_ _ _
_
R ð1  f Þ þ c þ E R2  1
d R ¼ 3Lg 6
6
_
_
4 _
_
ds ða þ _
R Þ 3 R þ2 c þ2 E 2R2  1
g
"_
#
_
d R ¼ 3Lg Rð1  f Þ ;
_
ds ða þ _
3R
RÞ
g

For Es < c0, we have two possible equilibrium solutions, however, by solving Eq. (8) numerically, we would see below that
ð2Þ
Requilibrium is not realized dynamically indicating that it is an unstable equilibrium. A slight perturbation would drive the system away
from it.

dc
þ 4Rc þ 2 dR



"
#
dðR3 C A Þ dðR3 C F Þ
:
þ
dt
dt

ð16Þ

Introducing initial mole-fraction of the perﬂuorocarbon (XF):

XF ¼

C F ð0Þ
:
C A ð0Þ þ C F ð0Þ

ð17Þ

We obtain initial conditions:


patm
2c0
þ
;
RG T R0 RG T


p
2c0
:
C A ð0Þ ¼ ð1  XF Þ atm þ
RG T R0 RG T

C F ð0Þ ¼ XF



ð18Þ

Looking for equilibrium solution, we notice from Eq. (13) that
CF(t ? 1) ? 0. Therefore, the equilibrium solution will be the same
as that for the single gas bubble, Eqs. (10)–(12), with the gas being
air. Indeed, when CF ? 0, one obtains the same Eq. (7) from Eq. (16).
Even though the bubble initially contains perﬂuorocarbon, with
time it will diffuse out of the bubble. Depending on the level of saturation f and Es/c0 eventually an air bubble will either reach a nonzero radius or dissolve away. However, the transient dynamics will
be different because of the presence of the perﬂuorocarbon gas, and
will be determined numerically by solving Eqs. (13), (14) and (16)
using initial conditions (18).
3. Results and discussion
For a numerical investigation of our model we use a bubble
similar in properties to that of the contrast agent Deﬁnity as in
our previous study [10]. It has a narrow radius distribution with a
mean diameter of 2.5 lm, and contains octaﬂuoropropane (OFP;
n-C3F8) [34,35]. The encapsulation is made of a mixture of three different lipids: DPPA ((R)-hexadecanoic acid, 1-[(phosphonoxy)methyl]-1,2-ethnediyl ester, monosodium salt), DPPC
((R)-4-hydroxy-N,N,N-trimethyl-10-oxo-7-[(1-oxohexadecyl)oxy]-3,4,9-trioxa-4-phosphapentacosan-1-aminium, 4-oxide, inner
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Table 1
Physical properties used in simulations.
Initial bubble radius (R0)
Atmospheric pressure (patm)
Coefﬁcient of diffusivity of air in water (kA)
Coefﬁcient of diffusivity of air (kF)
Surface tension (c0)
Ostwald coefﬁcient of OFP (LF)
Ostwald coefﬁcient of OFP (LA)
Permeability of air through the encapsulation (hA)
Permeability of OFP through the encapsulation (hF)

1.25  106 m
101,325 Pa
2.05  109 m2 s1
7.45  1010 m2 s1
0.025 mN/m
5.2  104
1.71  102
2.857  105 m s1
1.2  106 m s1

salt), and MPEG5000 DPPE ((R)-a-[6-hydroxy-6-oxido-9-[(1-oxohexadecyl) oxy]-5,7,11- trioxa-2-aza-6-phosphahexacos-1-yl]-xmethoxypoly(ox-1,2- ethanediyl), monosodium salt). Property values used for the simulation are obtained from the chemical literature as discussed in [10], and presented in Table 1. The
rheological properties of the encapsulation such as surface tension
and surface elasticity are difﬁcult to determine for a micron-size
bubble. We have developed an acoustic characterization method
using measurement of attenuation of ultrasound through an emulsion of contrast agent [18,19]. Here we assume the interfacial tension to be 0.025 N/m as found for a liquid phase lipid monolayer
[23]. (For a waxy solid lipid layer zero interfacial tension has been
reported [23,36].) The permeabilities of air and OFP (hA,F) through
encapsulation in Table 1 are determined using energy barrier model
that depends on gas molecules’ collision diameter and the surface
pressure [10,37–40]. Using 1 nm encapsulation thickness and bulk
lipid diffusivity of 1014 m2/s gives a permeability value of the same
order (hg  105 m/s) even for a Fick’s type model [13].
3.1. Value of surface dilatational elasticity
As noted above determining surface dilatational elasticity is difﬁcult. It depends on the nature of the interface; just like a bulk
material, the interface can be in gaseous, liquid or solid states with
co-existing phases and possibilities of undergoing phase transitions [36,40]. As was mentioned in the introduction, early on elasticity of encapsulation was recognized to modify the contrast
properties of agents. Indeed the resonance frequency of a contrast
microbubble is larger than that of a free bubble of the same radius
due to the elasticity of the encapsulation (elasticity contributes to
the spring constant of the bubble oscillator). Several models have
been developed to describe the effects of encapsulation elasticity.
We introduced interfacial rheological model for an encapsulation
with interfacial dilatational elasticity (5), and acoustically determined its value, Es = 0.51 N/m, for lipid-coated contrast microbubble Sonazoid [19]. An elegant physical description of the surface
Gibbs elasticity arising from interfacial tension variation was provided by Marmottant et al. with essentially the same equation in
the linear region [41]. They estimated same order of value for elasticity, Es = 1 N/m by ﬁtting a model of bubble evolution with experimental observation for a lipid coated bubble. However, the
elasticity model merits scrutiny; from Eq. (5), one notes Es  Dc/
(DA/A), where A is the equivalent area per surfactant molecule,
as indeed used in static interfacial measurements. One can estimate Dc  0.07 N/m (if one assumes that the surface tension goes
to zero upon adsorption of lipids). Therefore, for Es  1 N/m, one
has to have corresponding DA/A  102. However, the value that
can be estimated from Fig. 1 of the paper by Marmottant et al.
[41] is much larger, of the order DA/A  0.5; one estimates from
this ﬁgure Es  0.12 N/m. Indeed, Langmuir trough measurements
(such as the one presented in Fig. 1 of the paper [41]) have produced low values of surface elasticity. Li et al. measured surface
elasticity of a DPPC monolayer using a transient drop relaxation
method as well as an oscillating barrier in a Langmuir trough,

and found Es = 0.01–0.07 N/m [42]. They surmised the highest value to be for a solid layer. On the other hand, from acoustic attenuation measurements, Es  0.5 N/m was inferred for contrast agent
Sonavue, a value similar to our own estimation for Sonazoid [43].
Goertz et al. found Es  0.76–0.86 N/m for Deﬁnity again using
attenuation at 10–30 MHz [44]. Zong et al. used a mixture of two
surfactants, Span60 and Tween80 at different compositions to create encapsulated microbubbles [45]. They measured interfacial
elasticity Es = 0.013–0.036 N/m using Langmuir trough for a monolayer made of the two components. However, they used Es = 0.5–
4 N/m for their simulation to match with experimentally measured
subharmonic response from encapsulated bubbles. From this brief
review of the literature, we conclude that measurement using a
Langmuir trough gives rise to a lower value than what is needed
to match acoustic experiments. A partial explanation can be found
by noting that the surface elasticity depends on the frequency.
Attenuation and bubble oscillations are performed at MHz frequency—as a function of frequency, complex materials show higher elasticity at higher frequencies. Also one should note that once
the interface becomes solid-like there can be an order of magnitude increase in elasticity value. Using a Langmuir trough, He
et al. showed that for a stearic acid monolayer at a very high compression of stearic acid molecules, surface elasticity increases from
0.079 N/m to 5.0 N/m [46]. They surmised that at such high compression, the surfactant layer behaves like a two-dimensional crystalline solid. In light of this discussion, we feel that for the gas
transport process of concern here, the surface is probably in a liquid state with low value of surface elasticity, and only at the last
stage of maturation, it might reach a solid phase. During this process the surface elasticity value is of the same order as that of surface tension Es  c0. We use a value Es = 0.04 N/m which is
consistent with the Langmuir trough measurements mentioned
above. It is higher than c0 = 0.025 N/m for a stable bubble in an
air saturated medium. This value is much lower than what will
be effective under high frequency oscillation of an already matured
contrast microbubble. In any event, effect of the surface elasticity
variation on the bubble evolution is also presented below.
3.2. Air bubble
First we investigate an air bubble of initial diameter 2.5 lm with
properties noted in Table 1. In Figs. 1–3, the bubble radius is plotted
as a function of time for saturated (f = 1), unsaturated (f = 0) and
oversaturated (f = 1.5) medium, respectively. The curves are plotted
for different values of Es/c0. For f = 1 (Fig. 1), an encapsulated microbubble attains a long term non-zero radius only when Es/c0 > 1.
When this condition is satisﬁed, the bubble initially shrinks giving

Fig. 1. Effect of interfacial elasticity on the stability and dissolution of an
encapsulated 2.5 lm diameter air bubble in an air saturated medium (f = 1).
Numerical solution asymptotically matches the analytical equilibrium radius.
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Fig. 2. Effect of interfacial elasticity on the dissolution of an encapsulated 2.5 lm
diameter air bubble in a degassed medium (f = 0).

rise to a compressive stress that counterbalances the surface
tension, and it then reaches the equilibrium value Requilibrium
obtained analytically in (10). Fig. 1 shows that the limiting condition
Es/c0 = 1 results in a dissolution time t limit
diss which provides a timescale of bubble stabilization for Es/c0 > 1. The time to reach a stable
s
radius for all values Es/c0 > 1 is smaller than tlimit
diss . Increasing E /c0 decreases the time to reach stabilization. Also note that increasing Es/c0
quickly reaches a saturation point of Rstable = R0 beyond Es/c0 = 20
(Fig. 1). For Es/c0 6 1, a bubble dissolves within seconds (inset of
Fig. 1) as the surface tension remains nonzero even though the compressive stress builds up with decreasing radius.
In Fig. 2, we consider the case of a degassed medium (f = 0),
where undersaturation results in bubble dissolution as predicted
by Eq. (7). For the case of Es 6 c0, similar to Fig. 1, surface tension
remains nonzero aiding the process of dissolution. For Es > c0, dissolution is driven by surface tension (c(R) > 0) and undersaturation
for R > Rs (shown by an arrow in Fig. 2). However, afterwards, for
R 6 Rs, c(R) = 0, and only undersaturation remains effective [see
Eq. (8)]. Correspondingly the dissolution times in Fig. 2 are smaller
than those in the saturated medium (Fig. 1). In Fig. 3 (f = 1.5) for
Es > c0, we obtain nonzero equilibrium radius as per Eq. (11). For
Es 6 c0, f = 1.5 satisﬁes the critical condition (12) for attaining an
equilibrium radius. Accordingly, in Fig. 3, we obtain a stable radius
for all values of Es/c0. Indeed for decreasing Es/c0, the equilibrium
ð1Þ
radius Requilibrium increases as per Eq. (12). Furthermore, for Es 6 c0,
ð1Þ
we only obtain Requilibrium indicating that the other equilibrium
ð2Þ
solution Requilibrium is unstable.

Fig. 3. Effect of interfacial elasticity variation on the growth of an encapsulated
2.5 lm diameter air bubble in an air oversaturated medium (f = 1.5). The value of f
larger than the critical value for achieving an equilibrium radius. Numerical
solution asymptotically matches the analytical equilibrium radius.
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Fig. 4. Evolution of the radius of an encapsulated perﬂuorocarbon bubble of 2.5 lm
diameter in the air-saturated medium (f = 1) for Es/c0 = 1.6.

3.3. Perﬂuorocarbon bubble
We study a perﬂuorocarbon bubble of diameter 2.5 lm. In this
section, we assume the medium to be saturated with air. Therefore,
the surface tension controls the bubble behavior. In Fig. 4, we plot
the time evolution of radius as well as air and perﬂuorocarbon
pressures pA and pF for Deﬁnity bubble using Es  0.04 N/m
(Es/c0 = 1.6). With Es/c0 > 0, a stable bubble is expected in the
long-time limit. Initially because there is no air inside the bubble,
air diffuses into the bubble. Air partial pressure rises sharply and
reaches an equilibrium with outside pressure within few seconds.
Air diffusivity being higher than that of OFP, the initial bubble
behavior is essentially controlled by air diffusion. Therefore, the
bubble grows due to air intake and reaches a maximum radius during air pressure equilibration. Such transient swelling of contrast
microbubbles have been reported in experiments [24–27]. Afterwards OFP diffusion controls the bubble behavior, and the bubble
radius reduces. But elastic stress in the encapsulation, resulting
from the drop in radius below the stress-free value R0, counterbalances surface tension, leading ﬁnally to an equilibrium radius
which is 61% of the initial radius. It takes 3000 s to reach this
state. At this point the bubble is an air bubble with OFP completely
dispelled from the bubble.
In Fig. 5, we investigate a case of bubble dissolution resulting
from Es/c0 = 0.4 with other parameter values the same as that of
Fig. 4. Similar to the previous case, the air pressure equilibrates
quickly, and the bubble initially grows due to air ingress. But then
in conformity with our analysis, the bubble dissolves due to outward diffusion of both air and OFP in 1000 s. In the ﬁnal phase
of dissolution, the small radius of the bubble gives rise to a sharp
increase in OFP pressure inside the bubble even though OFP

Fig. 5. Growth and dissolution behavior of an encapsulated perﬂuorocarbon bubble
of 2.5 lm diameter in the air-saturated medium (f = 1) for Es/c0 = 0.4.
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Fig. 6. Effect of interfacial elasticity variation on the dissolution of an encapsulated
perﬂuorocarbon bubble of 2.5 lm diameter in air saturated medium (f = 1).

content decreases. This case of low elasticity models the case of a
contrast microbubble with its encapsulation ruptured [24,47,48].
Next, we perform parametric studies varying several properties.
Fig. 6 shows the effects of varying surface elasticity on bubble radius dynamics. As expected, for Es/c0 < 1 a bubble dissolves, and
for Es/c0 > 1 it reaches a stable radius. The stable radius is the same
as what we ﬁnd for a pure air bubble as expected from our analysis
in Section 2. We also note that increasing Es also decreases the extent of transient increase in radius due to initial intake of air;
increasing elasticity increases resistance towards both increase
and decrease of bubbles. Notice also the quick saturation of the
curves at higher value of Es indicating that above Es/c0  20,
increasing Es does not change the dynamics. Fig. 7 shows a parametric study with variation in gas permeability through the encapsulation. Both air and OFP permeabilities are varied by the same
factor. Maximum bubble radius, ﬁnal bubble radius and the growth
and dissolution pattern are found to be independent of permeability. However, lower permeability expectedly slows the dynamics;
the bubble reaches the long-term stable value at a later time. In
Fig. 8, the curves for different permeabilities collapse on to a single
curve when time is scaled by permeability indicating that R0/hg is
the proper time scale of the problem. In the inset, we show that
the time tstable to reach the stable radius varies linearly with
permeability.
In a typical contrast agent such as Deﬁnity, variation in octaﬂuoropropane content and radius is expected. Fig. 9 shows the effect of initial mole fraction XF of OFP on bubble radius evolution.
The ﬁnal equilibrium value of radius does not depend on XF, because by this time all OFP is dispelled form the bubble. However,
the time to reach equilibrium decreases with increasing XF. Due

Fig. 7. Growth and dissolution behavior of an encapsulated 2.5 lm diameter
perﬂuorocarbon microbubble in the air saturated medium for different permeabil

ity values, hA ¼ 2:857  105 m=s, hF ¼ 1:6  106 m=s.

Fig. 8. Variation of relative encapsulated bubble radius with nondimentionlized time
for different permeabilities of the encapsulation, and variation of tstable with


encapsulation permeability in the inset, hA ¼ 2:857  105 m=s, hF ¼ 1:6  106 m=s.

Fig. 9. Effect of initial mole fraction on the growth and dissolution behavior of an
encapsulated 2.5 lm diameter perﬂuorocarbon microbubble in an air saturated
medium.

to the higher air diffusivity, an air bubble (XF = 0) shrinks down
to its ﬁnal radius within 20 s. On the other hand, initial presence
of OFP in the bubble leads to a transient rise before reaching the
stable state. The time to reach the stable state tstable is two orders
of magnitude higher than that of the air bubble. tstable is independent of the initial mole fraction of OFP beyond a value of 10%.
Fig. 10 shows the effect of initial radius on bubble evolution.
We note from Eq. (10) that for saturated medium (f = 1), the normalized equilibrium radius does not depend on initial radius.
However, larger initial radius leads to larger relative radius during

Fig. 10. Effect of initial bubble radius on the growth and dissolution behavior (R/R0
vs. t) of an encapsulated 2.5 lm diameter perﬂuorocarbon microbubble in an air
saturated medium.
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Fig. 11. Effect of saturation level of the surrounding medium on the growth and
dissolution behavior of an 2.5 lm diameter encapsulated perﬂuorocarbon microbubble (Es = 0.4c0).

transient, and correspondingly takes longer time to reach the
long-time equilibrium.
Finally, we investigate the effects of saturation on a perﬂuorocarbon bubble with a weakly elastic encapsulation, Es = 0.4c0, and
therefore nonzero c(R) for all values of radius (Fig. 11). For this
case of Es/c0 < 0, Eq. (12) predicts a critical saturation level
fcritical = 1.38678 above which the bubble reaches equilibrium rað1Þ
dius Requilibrium ; the oversaturation overcomes the dissolving force
of the surface tension. Indeed, we ﬁnd that for f < fcritical the bubble dissolves, but f > fcritical the bubble reaches the equilibrium
value.
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