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Abstract
The rheology of a dilute emulsion of viscous drops in an oscillating extensional flow is investigated. Deforming drop shape is computed
using a front tracking finite difference method. Excess stresses due to drops are determined using Bachelor’s formula neglecting drop–drop
interactions. We present and discuss the relations between the excess stress and the applied strain rate. We explore the linear extensional
rheology by computing extensional storage and loss moduli. The effects of frequency and surface tension variations are discussed and
compared with analytical models of Oldroyd and Yu and Bousmina. We find that the nature of the excess interfacial stress depends on the
relative magnitudes of the time period of oscillation and the relaxation time of the droplet. The excess stress is predominantly elastic (viscous)
if the period is much smaller (larger) than the relaxation time. These phenomena are explained using the detail drop dynamics.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The immiscible liquid–liquid system in the form of emulsions or blends has important applications in numerous chemical industries. In industrial flows of emulsions, suspended
drops undergo continuous change of shape including coalescence and breakup, contributing in turn to time-dependent
stresses for the overall flow. The co-evolving morphology and
rheological response are the fundamental focus of emulsion
research [1]. Till date, most deformation studies have been restricted to steady shear and extension. Rheological response
for emulsion has been computed mostly for steady shear with
a few exceptions of oscillatory shear [2–5]. However, typical
industrial flows are far more complex, with large fluctuations,
and spatial variations, that can only be represented numerically. In this paper, we report a numerical investigation of
rheology in a time-dependent flow, viz., oscillating planar
extensional flow. This flow is realizable in a four-roll mill
[6], and can offer important rheolgical insights, as will be
seen here.
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Taylor [7] performed the pioneering experimental investigation of deforming drops, and developed an analytical theory
using Lamb’s Stokes solution. The subsequent higher order
analytical investigations were restricted to nearly spherical
[8–11] or slender [12–14] drop shapes (also see [15] for a
review). Doi and Ohta presented a coarse grain theory of
stresses in a viscosity matched emulsion [16]. They used
a morphological quantity—interface tensor—introduced by
Batchelor to compute excess stresses due to interfacial tension at the phase boundary [17–19]. The theory is appropriate
for describing arbitrary interfacial morphology. However, due
to lack of an internal length scale, it gave erroneous results for
emulsion of droplets. Various remedies [20–22] have been
suggested assuming spherical and ellipsoidal drop shapes.
Using ellipsoidal shape assumption, Maffettone and Minale
developed a phenomenological tensor model for shape evolution of drops in arbitrary linear flows [23]. The model has
been experimentally validated for moderate drop deformation [24,25]. The connection of the drop morphology with
rheology was developed by Jansseune et al. [26,27]. Wetzel
and Tucker proposed two exact tensor formulations [28,29]
for the affine deformation of ellipsoidal drops. They noted
that in a linear flow field, the drop shape is exactly ellipsoidal
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in the absence of interfacial tension. The theory was extended
to approximately account for finite interfacial tension using
both small-deformation and slender-body analysis [30]. Wu
et al. [31] and Yu and Bousmina [32] combined the ellipsoidal
drop models with boundary integrals in order to find a more
accurate surface velocity or velocity gradient.
Numerical simulations eliminate any restriction on drop
shapes. Large deformation with non-ellipsoidal shape can be
treated without using any approximation. Boundary element
method (BEM) has been used to study arbitrary deformation
including breakup [33,34] and strongly interacting drops in
concentrated emulsions [35,36] in a Stokes flow. The flow at
finite Reynolds number are computed by a number of direct
numerical simulations (DNS) such as volume of fluid (VOF)
[37], level set method (LSM) [38] and front tracking method
[39]. With advancing computing power, DNS is becoming
a viable tool for simulation of multi-drop morphology, and
direct computation of rheological response.
Sarkar and Schowalter [40,41] applied front tracking DNS
to simulate deformation of a two-dimensional viscous drop in
time-periodic extensional flows. The method was extended to
viscoelastic drops [42]. Three-dimensional drop deformation
in an oscillating extensional flow at finite Reynolds number
has recently been computed [43], exploring drop behaviors
in detail. In this paper, we use the same simulation technique
at a Reynolds number, Re = 0.1 (as a representative of Stokes
flow; the code can handle only non-zero Reynolds number
cases) to obtain the rheological response of a dilute emulation in an oscillating extensional flow. Both drop and continuous phases are Newtonian. For brevity, we present results
only for viscosity matched cases, and concentrate on the nonNewtonian response of the emulsion due to the presence of
interfacial tension.
In the following, mathematical formulation of the drop
problem and its numerical implementation are briefly discussed in Section 2. The expressions for stresses and moduli
in oscillating extensional flow are developed in Section 3.
In Section 4, we discuss our simulation results. A systematic study of the oscillating stress and its relations with the
imposed strain rate, i.e., the loss and storage moduli, is presented. Effects of flow frequency and interfacial tension on
the excess stress are investigated. We also present a comparison with the moduli computed by Oldroyd [44,45] and Yu
and Bousmina [4]. Finally, Section 5 summarizes the results.

Fig. 1. Schematic of (a) a dilute emulsion in an oscillatory extensional flow
and (b) the two-phase Navier–Stokes formalism.

2. Mathematical formulation and numerical
implementation of the ﬂow
2.1. Planar oscillating extensional ﬂow
We study flow of an emulsion in a planar oscillating extension:
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where ε̇0 is the amplitude of the strain rate; and ω, the frequency of oscillation. The flow can be generated by an oscillating four-roll mill (Fig. 1a). The dispersed droplets in
such a flow experience identical straining. Also note that
although the forcing flow is restricted in the x–y plane,
the presence of droplets induces fluid motion and excess
stress in the z-direction, giving rise to a three-dimensional
problem.
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2.2. Governing equations
The flow of the Newtonian fluids in the entire domain Ω,
which consists of the continuous phase Ωc and the suspended
drops Ωd (Fig. 1b) is governed by the Navier–Stokes equation

∂(ρu)
+ ∇ · (ρuu) = −∇p − dxB κnΓ δ(x − xB )
∂t
∂B

+ ∇ · [µ{∇u + (∇u)T }],

(2)

where p is the pressure; ρ, the density and µ, the viscosity
of the fluid. The superscript ‘T’ represents transpose. ∂B is
the drop–fluid interface consisting of points xB ; Γ , the constant interfacial tension; κ, the local curvature; n, the outward
normal to the interface; and ␦(x − xB ), the three-dimensional
Dirac delta function. The interfacial tension, which produces
a jump in the normal stress across the interface, is represented
as a singular body force [39,40]. The variation of interfacial
tension Γ , e.g., due to presence of surfactant concentration
gradient is not considered. The evolution of interface xB is
coupled with the fluid velocity u by:

Fig. 2. Drop surface discretized by triangular elements.

The velocity field is incompressible, i.e., ∇ · u = 0.
We simulate the time evolution of a single viscous drop in
the planar extensional flow (1). For a dilute emulsion, the interactions between different drops can be neglected, and each
drop can be assumed to undergo identical shape evolution.
Note that the numerical implementation discussed below can
simulate strongly interacting multiple-drop systems [39].

obtains a Poisson equation which is solved using a multigrid
method. The velocity at the 3D grid is interpolated to front
nodes, and the front is updated to obtain its new position. To
prevent the front element from being excessively distorted,
an adaptive regridding scheme is implemented for the front.
The explicit scheme is inherently limited to finite Reynolds
number, and suffers from severe diffusion limited restrictions
on time steps at low Reynolds numbers. We use Re = 0.1 for
all our computation as a representative case for low Reynolds
number. To overcome the time step restriction, we treat the
diffusive terms semi-implicitly in alternate spatial directions
(ADI). ADI enhances the efficiency of the simulation by one
order of magnitude.

2.3. Numerical implementation

2.4. Non-dimensional parameters

dxB
= u(xB ).
dt

(3)

The incompressible flow satisfying Eq. (2) is solved by
front tracking method [39,40,42]. We simulate the flow in
a finite computational domain, a cubic box of size L. At its
boundary, the planar extensional flow (1) is imposed. The
method treats the entire flow system as a single phase with
material properties varying sharply in a thin region (a few grid
points) across the interface. The stress due to surface tension
is treated as a distributed force over the same thin region by
using a smooth representation of the Dirac delta function in
Eq. (2). Here, we provide only a brief description (see [40,43]
for further details). The method uses a 3D staggered grid in
the entire domain and a triangular grid (Fig. 2) that discretizes
the drop surface (front). Using the front position, a smoothed
description of the material property is obtained. It reduces
the multiphase flow into a single phase with varying properties. The single phase flow is then solved by an operator
splitting/projection finite difference method. In the first step,
an intermediate velocity is obtained using all terms in (2) except the pressure gradient. The intermediate velocity is then
corrected using pressure gradient so that the final velocity satisfies divergence condition. The pressure gradient correction

The mathematical problem can be non-dimensionalized
using undeformed drop radius R and inverse extensional rate
ε̇−1
0 as the length and the time scales, respectively. We obtain
five non-dimensional parameters—Reynolds number, Re =
ρε̇0 R2 /µ; inverse capillary number, k = Ca−1 = Γ/(ε̇0 µR);
viscosity ratio, λ = µd /µ; density ratio, λ = ρd /ρ and the nondimensional frequency Strouhal number, St = ω/ε̇0 . The
subscript ‘d’ represents the drop phase. As already mentioned, we restrict the simulation to Re = 0.1 (see [43] for effects of Reynolds number variation on drop deformation). For
brevity, we consider a viscosity and density matched emulsion, resulting in only an interfacial contribution to the excess
stress. Note that the numerical scheme introduced above can
handle non-uniform material properties.
3. Interfacial stress and extensional moduli
3.1. Interfacial stress averaging
An emulsion can be viewed as a statistically indeterminate collection of droplets in a continuous phase [17]. The
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stress measured in experiments is an average over an ensemble of realizations. It is equivalent to a volume average with
an appropriate volume chosen to satisfy the condition of statistical stationarity and homogeneity. The averaging procedure was introduced by Batchelor and extensively deployed
in suspensions [18,22]. As pointed out by Jansseune et al.
[26,27], the average stress can be divided into two contributions, one from the component fluids and the other from the
interface.
For both dispersed and the continuous phases satisfying
Newtonian constitutive relation, the averaged stress σ ave can
be expressed as [1,17–19]:

1
ave =
 dV
V V

µd − µ 
= −Pave I + ave +
(un + nu) dA
V
Ad
−Γ q,

(4)

where V is the averaging volume, Vd and Ad are the volume
and surface area of a typical drop. Pave is the isotropic part
of the average stress; I, the identity tensor, and τ ave is the
deviatoric part of the average “component” stress [26,34].
The third term is the contribution due to viscosity difference
between the drop and the continuous phases. It becomes zero
for λ = 1. The fourth term is the excess stress representing the
contribution of the interfacial morphology:

1 
I
excess = −Γ q,
q=
nn −
dA.
(5)
V
3
Ad
where q is the anisotropy or interface tensor [1,16], is a purely
geometric quantity; n, as before is the outward unit normal
vector at the drop interface; and ∂B consists of all drop–fluid
interfaces. The interface tensor is calculated by numerical
integration over the discretized interface (Fig. 2).
For a dilute emulsion consisting of m identical droplets
with volume Vd and surface area Ad in the averaging volume
V, the interface tensor can be expressed as a sum of individual
drop contributions:

I
1
q = Φqd ,
nn −
qd =
dA,
(6)
Vd Ad
3
where Φ = mVd /V is the volume fraction of drops. The excess
stress σ excess non-dimensioanlized by µε̇0 is

excess

d
excess

d
excess
≡
=Φ
,
excess
µε̇0
=−

Γ
q = −kRqd .
µε̇0 d

3.2. Interfacial extensional moduli
From one-drop excess stress and its phase relation with the
imposed flow strain, the complex moduli can be calculated.
Taking the coordinate axes along the axes of extension [clockwise rotated by π/4 from the x–y axes of Eq. (1)], we obtain
the principal directions for the excess stress. It takes diagonal
form due to the symmetry of drop shape:

 d
0
11 0
d


d
(8)
= 0

22 0
excess

0

d
33

0

The oscillating extensional flow (1) in diagonal form gives
rise to equal positive and negative strains along the extensional axes:

ε̇0
1
ε = ε̇ dt = sinωt = sin(t St),
(9)
ω
St
where t = t ε̇0 is non-dimensional time and ε0 = ε̇0 /ω =
1/St is the strain amplitude. We consider the non-dimensional
normal stress difference, d22 − d11 . Denoting the phase
difference between d22 − d11 and the imposed flow strain
as δ, we have:
d
d
d
d 0
−
=(
−
) sin(t St + δ),
(10)
22

11

22

11

where superscript ‘0’ represents amplitude. Therefore, by examining the in-phase and the out-of-phase parts of d22 −
d
11 , we obtain non-dimensional storage and loss moduli,
respectively:
d
d 0
d
=(
−
) St cosδ,
Eint
22

d

d
Eint
=(

22

11

−

d
11

0

) St sinδ.

(11)

Using Eqs. (7), (8) and (11), we compute the extensional
moduli for various flow parameters such as frequencies (St)
and interfacial tension (k).
3.3. Oldroyd’s and Yu and Bousmina’s model
Oldroyd [44,45] derived analytical expressions for linear viscoelasticity of a dilute Newtonian emulsion using an
asymptotic approach. He obtained Jeffrey’s equation:
 + τ1

d
d
 = 2µ0 ε̇ + τ2 ε̇
dt
dt

(12)

with
(7)

Note that as expected in this non-interacting dilute system, the stress is linear with volume fraction. The singled
drop non-dimensionalized excess stress
excess depends
only on the drop shape and is computed from the numerical
simulation.

µ0 = µ(1 + A1 Φ),

τ1 = τ0 (1 + A2 Φ),

τ2 = τ0 (1 − A3 Φ),
(5λ + 2)
(19λ + 16)
A1 =
, A2 =
,
[2(λ + 1)]
[5(λ + 1)(2λ + 3)]
3(19λ + 16)
(19λ + 16)(2λ + 3)µR
A3 =
, τ0 =
[10(λ + 1)(2λ + 3)]
[40Γ (λ + 1)]
(13)
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For oscillating flows, assuming periodic variation for the
stress σ = σ 0 exp(iωt) and the strain rate ˙ = ˙ 0 exp(iωt), we
obtain from Eq. (12):
(1 + iωτ1 ) = 2µ0 (1 + iωτ2 )˙

(14)

In a planar extensional flow along the principal direction


1 0
0


˙ = ε̇0  0 −1 0 
0 0
0
noting ε = ε̇ dt = ε̇/ iω, the complex extensional modulus
non-dimensionalized by µε̇0 is:
1 σ22 − σ11
µ0 1 + iωτ2
= i4St
.
µε̇0
ε
µ 1 + iωτ1

E=

(15)

Note that the extensional modulus E in a planar extensional
flow and the shear modulus G are related by the Trouton ratio:
E = 4G. Using (13), Eq. (15), after linearization with respect
to Φ, becomes:
E = i4St[1 + (A1 − A2 − A3 )Φ] + i4St
+4Stωτ0

A 2 + A3
Φ
1 + ω2 τ02

A2 + A 3
Φ.
1 + ω2 τ02

(16)

E = E + iE = (Ebulk + Eint ) + i(Ebulk + Eint ),

Eint

Ebulk = 4St[1 + (A1 − A2 − A3 )Φ],

A2 + A 3
= 4Stωτ0
Φ,
1 + ω2 τ02

Eint

A2 + A3
= 4St
Φ.
1 + ω2 τ02

the second step being a linearization in Φ. For viscosity
matched drop (λ = 1), the model predicts:
Gint =

4ω2 τ02 k
Φ,
5(1 + ω2 τ02 )

Gint =

4ωτ0 k
Φ
5(1 + ω2 τ02 )

(20)

Comparing with the Oldroyd model (17) for λ = 1, we obtain
E (Oldroyld) = 4G (Bousmina). In this limit the models are
equivalent.

4. Results
We simulate a single viscous drop in a box-shaped domain as shown in Fig. 3, with oscillating extensional flow
imposed at the domain boundary. The undeformed drop radius R is one-tenth the domain size L. By varying domain
size, we have ensured that the simulation is independent of
the size of the domain. We also checked for grid-convergence
by increasing the discretization from 81 × 81 × 81 to
129 × 129 × 129 without finding significant change in the
result.
4.1. Oscillating droplet morphology

The modulus is further decomposed into a bulk part (independent of interfacial relaxation τ 0 ) and an interfacial part,
each of which consists of a storage modulus (prime) and a
loss modulus (double prime):

Ebulk = 0,

75

The drop in a linear flow maintains an approximate ellipsoidal shape [24,25]. We plot the three axes of the ellipsoids
with non-dimensional time t = t ε̇0 in Fig. 4a. The initially
spherical drop oscillates with the imposed flow. The maximum (L) and the minimum (B) axes are the maximum and
the minimum distances of the drop surface from its center,
and they lie in the plane of the extension. The points at the
maximum and minimum distances switch when the direction of extension changes in the course of oscillation. The

(17)

Note that the linearization in volume fraction leads to moduli proportional to volume fraction Φ, appropriate for the
first order theory of a dilute emulsion. The one-drop moduli are obtained dividing the above expressions by Φ as in
Eq. (7).
Recently, Yu and Bousimina [4] presented a model for both
linear and nonlinear shear rheology of Newtonian emulsions.
For small amplitude oscillatory shear, the interfacial storage
and loss shear moduli non-dimensionalized by µε̇0 are given
as (Eqs. (16)–(18) in [4]):
Gint =

B1 ω2 τ02
,
µε̇0 (1 + ω2 τ02 )

Gint =

B1 ωτ0
,
µε̇0 (1 + ω2 τ02 )

(18)

where
B1 =

20(λ + 1)
Γ
4Φ Γ
≈
,
(2λ + 3)[5(λ + 1) − (5λ + 2)Φ] R
2λ + 3 R
(19)

Fig. 3. A spherical drop is initially placed at the center of the domain. An
oscillatory extension flow is imposed at the boundary of the domain.
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Fig. 4. (a) Drop axes evolving with non-dimensional time in an oscillatory extensional flow; length, L (solid); breadth, B (dash-double-dotted); width, W
(dashed). (b) Drop shape in one period in steady state; Re = 0.1, St = 4π, k = 10.

width axis W, which is the maximum distance in the direction perpendicular to the plane of extension, does not change
much (W/R ∼ 1.0), indicating that the deformation is small in
the direction orthogonal to the plane of the flow. These axes
reach a steady-oscillating state following a short transient.
The frequency of drop oscillation follows the frequency of
the imposed flow. In Fig. 4b, the top view (z-direction) of drop
shape in the oscillating flow is shown together with the flow
field in a plane through the center of the drop. The drop experiences stretching in alternate orthogonal directions. Within
one period of the flow, the deformation reaches maximum
twice. The maximum deformation does not coincide with the
maximum strain rate (velocity) of the flow (first, third, fifth
frames), indicating a finite phase lag in the drop response. As
will be seen shortly, the excess stresses, which result from
interfacial tension acting at the drop boundary, oscillate similarly with the imposed strain rate.
We study drop deformation using the parameter D =
(L − B)/L + B, suggested by Taylor [7]. In Fig. 5, we summarize the drop response as a function of non-dimensional
frequency St, and interfacial tension k. As we saw in Fig. 4a,
the drop performs a steady oscillation following a short transient. In Fig. 5a, the maximum deformation Dmax and the

phase difference β (=π/2 − δ) between deformation D and
flow strain rate ε̇ are plotted as functions of St, at a constant interfacial tension parameter k = 45. At relatively high
frequencies (St > 5π), Dmax decreases with increasing flow
frequency. Increased frequency leads to quick reversals of
flow direction so that the drop does not deform appreciably.
The slight increase in Dmax for lower frequencies (St > 5π)
leading to a peak is a resonance effect of the low but finite
inertia, explained in detail in [43]. The phase difference β
increases from 0 to π/2 with the increase of flow frequency
St. At low frequency St → 0, the deformation is in phase with
the strain rate ε̇. As St → ∞, the deformation is π/2 behind
the strain rate ε̇, but in phase with the flow strain ε. In Fig. 5b,
we plot the same quantities Dmax and β with varying interfacial tension parameter k subject to the same flow frequency
(St = 4π). Dmax displays monotonic decrease with increasing
k for k > 10. Increased interfacial tension restrains drop deformation. Similar to Fig. 5a, we see a small peak caused by
finite inertia at lower values of k. The phase β decreases with
increasing k. For extremely high interfacial tension, the deformation is in phase with the strain rate. The drop response
is discussed in detail with the help of a simple damped massspring model in [43].
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Fig. 5. (a) Dmax and β vs. St; Re = 0.1, k = 45; (b) Dmax and β vs. k; Re = 0.1, St = 4π.

4.2. Excess stress
From the simulated drop shape, we compute one-drop
excess non-dimensional stress dexcess , appropriate for a dilute emulsion. In Fig. 6, we investigate the non-dimensional
d − Σ d and its relation to the
excess stress difference Σ22
11
imposed strain rate ε̇/ε̇0 . The sinusoidal variation of the
strain rate (dashed curve) is plotted at top left. In the subd − Σ d is shown in the steady-oscillation
sequent plots, Σ22
11
state (t > t steady ) for the same interfacial tension parameter
k = 45 but different flow frequencies (St = π, 8π, 20π).
The magnitude of the stress difference decreases due to
decreased drop deformation with increasing flow frequency
(see Fig. 5a). To demonstrate the phase of stress oscillation,
the time t is scaled by St(t St = ωt). For drops with moderate
interfacial tension k = 45, at a low flow frequency St = π,
d − Σ d is in phase
the resulting excess stress difference Σ22
11
with the strain rate of the flow. However, at a high frequency
d − Σ d lags by π/2 behind strain rate, with
St = 20π, Σ22
11
intermediate phase lag for St = 8π. The stress–strain rate
relation indicates that the emulsion behaves as a viscous

liquid at low frequencies, and elasticity takes precedence as
the frequency increases. The oscillation of stress is closely
related to the oscillation of drop deformation. In Fig. 7, the
top view of the drop (from z-direction) is shown together
with the velocity field in the plane through the center of the
drop. For both low (St = π) and high (St = 20π) frequencies,
the shape of the deformed drop at different time-instants
are plotted. At a low frequency St = π, the drop deforms in
phase with the strain rate, the latter represented by velocity
vectors. At a high frequency St = 20π, a phase difference
of π/2 exists between the deformation and the strain rate.
As the strain rate achieves maximum (bottom left and right
frames), deformation approaches zero. For zero strain rate
(bottom middle frame), deformation reaches the maximum.
In Fig. 8, similar curves as those in Fig. 7 are shown.
However, drops with different interfacial tension (k = 1, 50,
200) are forced by a flow with the same frequency St = 4π.
d − Σ d lags by π/2 beAt low interfacial tension k = 1, Σ22
11
hind the strain rate ε̇/ε̇0 . At high interfacial tension k = 200,
d − Σ d is in phase with the strain rate, with a transiΣ22
11
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d
d
Fig. 6. Variation of flow strain rate (top left) and one-drop excess stress difference Σ22
− Σ11
(others), during one period of steady oscillation; k = 45, Re = 0.1.

tion at intermediate values of interfacial tension. However,
note that for the low value of interfacial tension k = 1, the
stress is much less than those for the other two cases. In
the limit of zero interfacial tension, the excess stress is in
phase with the flow strain, characteristic of an elastic material, due to the fact that the drop shape follows the flow
strain. The drop deformation rate is in phase with the imposed strain rate, and thereby the drop shape π/2 behind the
strain rate. The excess interfacial stress is proportional to
drop deformation. For high interfacial tension, drop is more
elastic; its deformation is in phase with the strain rate, giving rise to interfacial stress proportional to imposed strain
rate, a viscous behavior. Therefore, when the drop behaves
as a viscous system at low interfacial tension, the resulting
interfacial stress of the emulsion is elastic, and when the drop
behaves like an elastic system at high interfacial tension, the
interfacial stress is viscous. Note that we are only concerned
here with the excess stress, and not the total stress which includes the stresses due to the component liquids. Even though
d − Σ d is elastic at low interthe excess interfacial stress Σ22
11
facial tension, it vanishes in proportion with the interfacial
tension. In the limit of an infinitely large interfacial tension,
the excess stress is viscous, because the drop does not deform
much. The overall emulsion behavior is viscoelastic for moderate values of interfacial tensions where drop deformation is
significant.

4.3. Complex interfacial extensional moduli
We investigate the linear extensional rheology using stord and Ed introduced in Section 3.2.
age and loss moduli Eint
int
We compare with analytical expressions for moduli obtained
by Oldroyd [44,45] (the same as that due to Yu and Bousmina
[4]). In Fig. 9a, the variation of the non-dimensional interfacial extensional moduli with frequency St is shown. Our
results match very well with analytical prediction. At low
flow frequency, the phase difference δ between stress and
d approaches
strain approaches π/2 (δ = π/2 − β), so that Eint
d
zero much faster than Eint . In this case, viscous dissipation is
dominant and the emulsion behaves like a Newtonian fluid.
As the imposed flow frequency increases, δ decreases such
d and Ed cross each other. Both viscous
that the curve of Eint
int
dissipation and elasticity are significant rendering the emulsion viscoelastic. At the other end of high flow frequencies,
d is much larger than Ed , indiδ approaches zero and Eint
int
cating strong elasticity. In conformity with analytical results
d → 16k/5 = 144 and
(17) and (20), for St → ∞ we find Eint
d
Eint → 0. Our results seem to deviate from the analytical theories at high frequencies (St = 3π). It is an effect of small but
finite inertia. The unsteady term ∂(ρu)/∂t in Navier–Stokes
Eq. (2) is ∼O(ReSt). At sufficiently high frequency, even
for the present case of small Re = 0.1, it can become sig-
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Fig. 7. Top view of the drop from z-direction in the plane through the center of the drop for three different time-instants for St = π (top) and St = 20π (bottom);
k = 45, Re = 0.1.

d
d
Fig. 8. Variation of flow strain rate (top left) and one-drop excess stress difference Σ22
− Σ11
(others), during one period of steady oscillation; St = 4π, Re = 0.1.
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Fig. 9. Non-dimensional one-drop extensional moduli vs. St at k = 45 (a), vs. k at St = 4π (b), and vs. St/k (c) along with Oldroyd’s and Bousmina’s models.

nificant, and lead to deviation from the Stokes-regime
predictions.
In Fig. 9b, we plot interfacial moduli versus inverse capillary number k. The results match analytical prediction. For
d apsmall interfacial tension, δ approaches zero, so that Eint
d . As interfacial tension inproaches zero much faster than Eint
d and Ed cross
creases, δ increases such that the curve of Eint
int
d
over. At high interfacial tension, δ approaches π/2 and Eint
d
is much larger than Eint . The analytical results (17) and (20)
d → 0, and Ed → 7St = 28π as k → ∞. The bepredict Eint
int
havior is in conformity with Fig. 8, where we saw that when
the drop behaves like a viscous system at low interfacial tension, the emulsion interfacial stress is elastic, and vice versa.
In fact, the effects of variation in interfacial tension and
frequency can be better understood by noting that the dynamics is governed by a competition between the relaxation
time scale τ 0 ∼ µR/Γ [see Eq. (13)] due to interfacial tension
and the time period of oscillation ω−1 [46]. Accordingly, we
plot in Fig. 9c the non-dimensional moduli shown in Fig. 9a

and b further scaled by k as a function of St/k. Such a functional dependence is also predicted by the analytical result
(20), noting that ωτ 0 ∼ St/k. The plots for fixed k and fixed St
match each other for smaller values of St/k. The discrepancy
for larger St/k can be attributed to finite Reynolds number
effects ∼O(ReSt).

5. Summary
We have investigated extensional rheology of a dilute
emulsion of drops using direct numerical simulation. The
exact drop dynamics was computed using a front tracking
method in an oscillating extensional flow. The drop shape is
used to find the excess interfacial stress and interfacial moduli
of the emulsion. The theory is linear in the volume fraction.
The simulation results match the analytical predictions due
to Oldroyd or Yu and Bousmina. The interfacial stress follows the evolving drop shape, particularly its phase giving
rise to complex rheological response varying with frequency

X. Li, K. Sarkar / J. Non-Newtonian Fluid Mech. 128 (2005) 71–82

and interfacial tension. As expected, the interfacial excess
stress is predominantly viscous (elastic) for time period of
oscillation much larger (smaller) than the relaxation time; the
phenomenon is explained with the help of the drop dynamics.
The drop–drop interaction neglected in the present analysis
plays a significant role in a non-dilute emulsion. The methods
used in this paper can be extended to investigate the rheology
of concentrated emulsions, emulsions of viscoelastic drops
[47,48] and emulsions at high drop inertia.
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