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The deformation of a Newtonian/viscoelastic drop suspended in a viscoelastic ﬂuid
is investigated using a three-dimensional front-tracking ﬁnite-diﬀerence method.
The viscoelasticity is modelled using the Oldroyd-B constitutive equation. Matrix
viscoelasticity aﬀects the drop deformation and the inclination angle with the ﬂow
direction. Numerical predictions of these quantities are compared with previous
experimental measurements using Boger ﬂuids. The elastic and viscous stresses at
the interface, polymer orientation, and the elastic and viscous forces in the domain
are carefully investigated as they aﬀect the drop response. Signiﬁcant change in the
drop inclination with increasing viscoelasticity is observed; this is explained in terms
of the ﬁrst normal stress diﬀerence. A non-monotonic change – a decrease followed
by an increase – in the steady-state drop deformation is observed with increasing
Deborah number (De) and explained in terms of the competition between increased
localized polymer stretching at the drop tips and the decreased viscous stretching
due to change in drop orientation angle. The transient drop orientation angle is
found to evolve on the polymer relaxation time scale for high De. The breakup of
a viscous drop in a viscoelastic matrix is inhibited for small De, and promoted at
higher De. Polymeric to total viscosity ratio β was seen to aﬀect the result through
the combined parameter βDe indicating a dominant role of the ﬁrst normal stress
diﬀerence. A viscoelastic drop in a viscoelastic matrix with matched relaxation time
experiences less deformation compared to the case when one of the phases is viscous;
but the inclination angle assumes an intermediate value between two extreme cases.
Increased drop phase viscoelasticity compared to matrix phase leads to decreased
deformation.

1. Introduction
Understanding the dynamics of an emulsion’s microstructure is critical for designing
them with macroscopic properties tuned to particular applications. For emulsions
with a globular morphology, deformation, breakup and coalescence of dispersed
drops determine the emulsion rheology (Tucker & Moldenaers 2002; Li & Sarkar
2005b; Aggarwal & Sarkar 2007a, b). Single drop deformation and breakup in a
Newtonian system and their implications on rheology have been studied extensively
(for a review see Rallison 1984; Stone 1994; Tucker & Moldenaers 2002). However,
investigation of the corresponding viscoelastic system has been rare. Consequently,
there is a lack of understanding of the behaviours of such systems. We reported a
numerical investigation of the deformation and breakup of an Oldroyd-B drop in a
Newtonian matrix (O/N) (Aggarwal & Sarkar 2007a), as well as the rheology of an
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emulsion of such drops (Aggarwal & Sarkar 2007b). Here, we investigate the reverse
system (N/O) of a Newtonian drop in an Oldroyd-B matrix as well as the case when
both phases are viscoelastic (O/O).
In the O/N system, viscoelasticity results in a decreased drop deformation owing to
the ﬁrst normal stress inside the drop (deformation D shows a scaling D ∼ DDe = 0 (1 −
CaDe) with Capillary Ca and Deborah De numbers for small Ca and De, Aggarwal &
Sarkar 2007a). There is a transient overshoot in deformation owing to the ﬁnite time
needed for the viscoelastic stress to develop. Aggarwal & Sarkar (2007a) provided an
ordinary diﬀerential equation model that explains the behaviour.
On the other hand, there have been conﬂicting theories and experimental reports
about the eﬀects of matrix elasticity on drop deformation. In one of the earliest
experiments on the eﬀects of viscoelasticity on drop deformation, Flummerfelt (1972)
found that for a Newtonian drop sheared in a viscoelastic matrix, the critical shear
rate γ̇c for initiation of breakup increases with increasing matrix elasticity, indicating
an inhibiting eﬀect of viscoelasticity. Tagvac (1972) found the matrix elasticity to have
a stabilizing eﬀect on a drop at low viscosity ratios, but an opposite eﬀect at high
viscosity ratios. Elmendorp & Maalcke (1985) performed experiments on systems
where either the drop or the matrix phase was viscoelastic, and found that the drop
elasticity inhibited drop deformation, whereas matrix viscoelasticity enhanced it in
simple shear. Mighri et al. (1997, 1998) studied systems with Boger ﬂuids, which
have constant shear viscosity, and observed that drop elasticity decreases deformation
whereas matrix elasticity increases it. They further noted that for elasticity ratio
(ratio of the relaxation of the drop phase to that of the matrix phase) k 6 0.37, the
deformation of an elastic drop in an elastic matrix is larger than the Newtonian
(N/N) case. However, for k > 0.37, an elastic drop in an elastic matrix deforms less
than in the N/N case. In contrast, Sibillo, Simeone & Guido (2004) found that the
matrix elasticity stabilized a Newtonian drop in a simple shear.
Vanoene (1972) created a simple model where the surface tension was modiﬁed to
account for the diﬀerences in ﬁrst normal stresses in the two ﬂuids, which predicts
that higher normal stresses in the drop (matrix) phase stabilizes (destabilizes) the
drop. However, the model is over-simpliﬁed in that it assumes a parabolic ﬂow to
compute the stresses, which might not be valid in general. Greco (2002) obtained
a perturbative solution to O(Ca 2 ) of a system of second-order ﬂuids. This solution
is used to obtain two slightly diﬀerent modiﬁcations of the Maﬀetone–Minale’s
(1998) phenomenological model by Maﬀetone & Greco (2004) and Minale (2004).
Greco’s theory compares well with experiments by Guido, Simeone & Greco (2003)
performed with a Newtonian drop in Boger ﬂuids. They showed signiﬁcant deviation
from Newtonian behaviour (at small deformation) only in the orientation of the
drop and not in the deformation. The orientation was found to be independent
of the second normal stress diﬀerences of the matrix ﬂuid at this order. The
modiﬁed phenomenological model due to Maﬀetone and Greco also agrees well with
experimental results (Maﬀettone & Greco 2004; Maﬀettone et al. 2005). Maﬀetone &
Greco (2004) also predicted N2 of the matrix to have a signiﬁcant stabilizing
eﬀect on the drop against breakup. Minale’s (2004) modiﬁcation, besides being for
viscoelasticity, was also designed to capture the divergence of Ca cr with λ → 0 for a
Newtonian system. It predicts opposing eﬀects of N1 and N2 on drop deformation for
the viscoelastic matrix – Newtonian drop system. Minale chose a non-zero value N2
to show a quantitative match with Guido et al.’s (2003) results. It should be pointed
out that the second-order ﬂuid used in Greco’s model and therefore by other similar
models, although valid for slow ﬂows might not match with rate type equations such
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as Oldroyd-B, especially for multiphase ﬂow problems such as the one considered
here.
Computational study of the viscoelastic single-drop problem has mostly been
restricted to two-dimensional systems (Toose, Geurts & Kuerten 1995; Chinyoka
et al. 2005; Yue et al. 2005a, b) or axisymmetric (Ramaswamy & Leal 1999a, b;
Hooper et al. 2001) using rate type constitutive equations such as Oldroyd-B and
FENE-CR. Khismatullin, Renardy & Renardy (2006) presented a three-dimensional
study concentrating primarily on the implementation of the numerical method.
Yue et al. (2005a, b) observed non-monotonic deformation for Newtonian drops
in viscoelastic systems with increasing Deborah numbers, which might explain the
apparent contradiction in recent literature regarding the eﬀect of matrix viscoelasticity
on drop deformation. However, their study is limited by the two-dimensional nature
of their computations. Furthermore, although drop inclination angle is shown to be
aﬀected much more than deformation (Greco 2002; Guido et al. 2003; Maﬀettone &
Greco 2004) it has not been given much attention in the numerical investigations. In
the current study, we also see that the inclination angle plays a decisive role in the
drop dynamics.
We present a full three-dimensional simulation of the deformation of a Newtonian
and Oldroyd-B drop in an Oldroyd-B matrix. Oldroyd-B is one of the simplest
materially frame-indiﬀerent constitutive equations with a single relaxation time; it
has a shear independent viscosity, a positive ﬁrst normal stress and a zero second
normal stress in steady shear. It has also been an equation of choice of recent
numerical investigations (Hooper et al. 2001; Chinyoka et al. 2005; Yue et al.
2005a, b; Khismatullin et al. 2006; Aggarwal & Sarkar 2007a, b). As with the O/N
system, we did not observe any numerical diﬃculties associated with the Oldroyd-B
constitutive relation within the range of Deborah number studied. Section 2 describes
the mathematical formulation of the problem. In § 3, we present a brief description
of the numerical implementation using a three-dimensional ﬁnite-diﬀerence fronttracking algorithm. For details on the numerical implementation, see Aggarwal &
Sarkar (2007a). Section 4 presents the results of our investigation of the smallReynolds-number case (Re = 0.1). We compare with experimental observations and
discuss the numerical results in the context of the previous numerical studies.
2. Mathematical formulation
This section follows closely the presentation in Aggarwal & Sarkar (2007a, b); it is
presented here for the sake of completeness. The ﬂow of the droplet matrix system is
governed by the momentum conservation equation:

∂(ρu)
+ ∇ · (ρuu) = ∇ · τ −
dx B κnΓ δ(x − x B ),
(1)
∂t
∂B
in the entire domain. Γ is the interfacial tension (constant), ∂B represents the
surface of the drop consisting of the points x B , κ the local curvature, n the outward
normal, and δ(x − x B ) is the three-dimensional Dirac delta function. We represent
the interfacial tension force as a singular body force in anticipation of the numerical
(front-tracking) implementation. τ is the total stress tensor given by:
τ = −pI + Tp + Tv ,

Tv = µs D,

(2)

where p is the pressure, µs is the solvent viscosity and D = (∇u) + (∇u)T is the strain
rate tensor. Tp is the extra stress (also referred to as polymer stress or viscoelastic
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stress) due to the presence of the polymer. We use the Oldroyd-B constitutive equation
for Tp :
∇

λ Tp +Tp = µp D,

(3)

where µp is the polymeric viscosity, λ is the relaxation time (λ = 0 in the Newtonian
∇

component inside), and T is the upper convected time derivative deﬁned as:
∇

Tp =

∂Tp
+ u · ∇Tp − (∇u)Tp − Tp (∇u)T .
∂t

(4)

The superscript T represents the transpose. The ﬂuid is considered to be incompressible in both phases:
∇ · u = 0.

(5)

The Oldroyd-B ﬂuid does not show shear thinning eﬀects. Shear ﬂow of an OldroydB ﬂuid gives rise to a ﬁrst normal stress diﬀerence, N1 = 2µp γ̇ 2 λ and shear stress
Txyp = µp γ̇ (γ̇ is the shear) (see the Appendix).

3. Numerical implementation
The drop is placed in a computational domain with periodic boundary conditions
in the x- (ﬂow) and z- (vorticity) directions. Velocities are speciﬁed at the upper
and lower plates in the y-direction to impose a simple shear of magnitude γ̇ .
Boundary conditions on the extra stresses must be speciﬁed at the domain boundary.
The hyperbolic Oldroyd-B constitutive equation requires only the inﬂow boundary
conditions. Initially, a spherical drop of radius a is placed at the centre of the
computational domain. At t = 0, the ﬂow is started by the motion of the plates.
We use a front-tracking ﬁnite-diﬀerence method (Unverdi & Tryggvason 1992;
Tryggvason et al. 1998, 2001; Sarkar & Schowalter 2000, 2001; Li & Sarkar
2005a). The drop-matrix two-phase system with diﬀerent properties (density, viscosity,
relaxation time) across a sharp drop boundary is transformed into a single-phase
system with properties varying smoothly over a few computational grid points (here
∼4x). The system therefore has the same equation everywhere, e.g. the same OldroydB equation for polymeric stresses even in the Newtonian phase, with relaxation time
λ = 0 (Sarkar & Schowalter 2000). In front tracking, the smoothed representations of
the properties are found by solving a Poisson equation for the indicator function, which
is zero outside and unity inside (Unverdi & Tryggvason 1992). Apart form a regular
three-dimensional Cartesian grid in the entire domain, the moving interface (front)
is separately discretized using triangular elements. The front is used in determining
the properties. Once the smoothly varying property ﬁelds are attained, (1) is solved
by a ﬁnite-diﬀerence method to obtain the velocities at the Cartesian grid points.
The interface evolution is described by the nodal (triangle vertices) velocity on the
front obtained by interpolation. For this interpolation as well as those involved in
representing the singular terms in the Poisson equation and in (1) owing to the surface
tension, a smoothed surrogate of the delta function (Peskin 1977) is used. An adaptive
regridding scheme is used to prevent excessive distortion of the front elements. A novel
analytic algorithm has been developed for the viscoelastic extensions of the fronttracking method, which automatically splits the viscous and the viscoelastic parts of
the stress (Sarkar & Schowalter 2000; Aggarwal & Sarkar 2007a). Further details of
the numerical implementation can be found in Aggarwal & Sarkar (2007a).
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Figure 1. Convergence study – D vs. t  for Ca = 0.2 and De = 1.5 at diﬀerent grid resolutions.
Inset shows (i) convergence in computed steady-state drop shapes for the diﬀerent resolutions,
(ii) convergence in D value with increasing grid resolution. N is the number of grid points in
the x-direction of the domain.

4. Results
We use the initial drop radius a and γ̇ −1 as the length and time scales to deﬁne
the various non-dimensional parameters governing the problem: Reynolds number
Re = ρm a 2 γ̇ /µm , capillary number Ca = µm a γ̇ /Γ , Deborah number De = λγ̇ , viscosity
ratio λµ = µd /µm , density ratio λρ = ρd /ρm and β = µp /µm – the ratio of the polymeric
to the total matrix viscosity (most results are for a Newtonian drop in an Oldroyd
matrix (N/O), except when we brieﬂy considered the O/O system). Subscripts m and
d correspond to the matrix and the dispersed phase, respectively. For brevity, we
restrict ourselves to cases with λρ = λµ = 1. We ﬁx Re = 0.1 representing a lowReynolds-number case. The governing non-dimensional parameters for the problem
are then Ca, De and β. We have ﬁxed β = 0.5 for all our results, unless speciﬁcally
mentioned otherwise.
We have carefully established convergence of the viscoelastic algorithm in our
previous paper for the O/N case (Aggarwal & Sarkar 2007a). In ﬁgure 1, we plot
Taylor’s (1932) deformation parameter D = (L − B)/(L + B) at successively ﬁner grid
resolutions for Ca = 0.2 and a moderate value of De = 1.5 for the N/O system. We
see small diﬀerences in the steady-state D values. However, no signiﬁcant change
is observed in the drop shapes for the diﬀerent resolutions. In the inset, the error
in deformation (relative to the highest resolution 160 × 160 × 80 considered) for
diﬀerent discretization shows a quadratic convergence with the grid level. We choose
a resolution of x = y = z = a/9.6 and time step t = 0.005γ̇ −1 for our study. We
use a domain size of Lx = Ly = 2Lz = 10a (with 96 × 96 × 48 grid points) as in our
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Figure 2. Comparison of steady-state drop response predictions with experimental results
from Guido et al. (2003) and analytical predictions of Maﬀetone & Greco (2004). Drop
deformation Dst and drop inclination angle ϕst (inset), for (a) p = 0.6 and (b) p = 1.8.

previous study. The adequacy of this domain size has been carefully established, but
not presented here (see Aggarwal & Sarkar 2007a for the O/N case).
5. Comparison with experiments
In ﬁgure 2, we compare our steady-state numerical predictions of deformation
Dst and inclination angle ϕst with results from the experimental work of Guido
et al. (2003) and predictions of the phenomenological model of Maﬀetone & Greco
(2004) (indicated by Guido (2003) and MG (2004) in the ﬁgures). The comparisons
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are for elasticity parameter p = De/Ca = 0.6 and 1.8 (De and Ca are not varied
independently in the experiments). The Dst values (ﬁgure 2) compare well with
previous results for small shear rates; Dst ∼ Ca curves seem to diverge at higher shear
rates. The comparison for p = 0.6 is much better than for p = 1.8. Our numerical
predictions for Dst are consistently larger than both the experimental results and
the model predictions. Comparison of ϕst shown in the insets matches well with the
experimental results for small shear rates (up to Ca ∼ 0.2). Again, the comparison
is much better for p = 0.6. The disparity in the comparison at high shear rates
and high elasticity parameter can be ascribed to the inability of the Oldroyd-B
constitutive equation in representing the experimental ﬂuid used by Guido et al.
(2003). Moreover, our computations have been performed for equal contributions
from solvent and polymeric viscosities to the total viscosity of the viscoelastic phase,
i.e. β = 0.5. Variations with β are signiﬁcant (Aggarwal & Sarkar 2007a) and could
well result in a better ﬁt with the experimental results. This study is, however, not
undertaken. The comparison for ϕst is much better than that for Dst . It has been
noted previously that the presence of second normal stresses diﬀerences N2 in the
matrix can signiﬁcantly alter drop deformation both qualitatively and quantitatively
(Levitt, Macosko & Rearson 1996; Hobbie & Migler 1999; Minale 2004), whereas
Greco’s analysis (2002) shows that the orientation angle is not signiﬁcantly altered
by N2 . An Oldroyd-B constitutive equation shows N2 = 0 in simple shear ﬂows and
is thus incapable of capturing eﬀects that are due to a ﬁnite N2 of the matrix ﬂuid.
Minale (2004) used a ﬁnite value of N2 to match with experimental results of Guido
et al. (2003).
6. Transient deformation and orientation angle
In ﬁgures 3(a), 3(b) and 3(c) we plot the transient evolution of the three drop axes
L, B and W for Ca = 0.3 with varying De. The drop axes lengths evolve monotonically
to a steady-state value except for slight non-monotonicity at De = 1. All the three drop
axes show non-monotonic trends in steady-state elongation with increasing elasticity.
The steady state L decreases ﬁrst with De, followed by an increase. B continues to
increase (even though the deformation D decreases in ﬁgure 3d), and starts decreasing
only for De > 1.5. The axis length along the vorticity direction W shows slight nonmonotonicity, following trends similar to the primary axis L. The reversal in trends
for the diﬀerent drop axes does not occur at the same De, suggesting that the eﬀects
of viscoelasticity could be localized, aﬀecting diﬀerent regions of the drop interface
diﬀerently.
In ﬁgure 3(d), we look at the evolution of the drop deformation parameterD.
The transient deformation monotonically increases to a steady-state value for all
values of De except for De = 1, where we see a slight overshoot. The steady-state
deformation value shows a non-monotonic trend with De as seen for the three
drop axes. With increasing elasticity, the initial drop deformation consistently slows
down because the viscoelastic components of the stresses in the matrix grow as
Txx = 2µp γ̇ 2 λ{1 − e−t/λ (1 + t/λ)} and Txy = µp γ̇ (1 − e−t/λ ), i.e. exponentially with a
time scale λ for Txy (or slower for Txx ) (see the Appendix). Accordingly, in the inset
of ﬁgure 3(d) we show a magniﬁed plot of the initial evolution. Note that the Txx and
Txy expressions above are calculated for a system with initially fully developed shear
ﬂow, but zero initial extra stresses (as appropriate in a Stokes ﬂow). Accordingly,
for ﬁgures in the inset, here the simulations are also performed with such an initial
condition. At small time t  the limiting case of De → ∞ is the viscous case with the
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Figure 3(a, b). For caption see facing page.

matrix viscosity half the drop viscosity (Toose et al. 1995), because only the viscous
stress becomes active in the viscoelastic matrix with matched total viscosities and
β = 0.5.
Similar to the case of a viscoelastic drop in a Newtonian matrix (Yue et al.
2005a; Aggarwal & Sarkar 2007). Yue et al. (2005a) observed signiﬁcant overshoot
in the transient deformation of a Newtonian drop–viscoelastic matrix system, for
intermediate Deborah numbers. Yue et al. (2005a) attributed the overshoot to the
competition between the capillary and relaxation time scales – the fact that for
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Figure 3. Transient drop evolution parameters plotted against non-dimensional time t  (a)
Drop axes length L, (b) B, (c) W and (d) drop deformation parameter D for Ca = 0.3 and
varying De. Inset for (d) shows the initial transient evolution of D. Curve legends are the same
as in (a).

small De the viscoelasticity of the matrix inhibits drop deformation (also shown
in a later section of this paper) and the viscoelastic stresses develop with a ﬁnite
relaxation time scale. However, we do not see any signiﬁcant overshoot except for
systems with viscosity ratio λµ = µd /µm > 1. For λµ = µd /µm > 1, even a viscous
system shows overshoot and oscillation in steady shear (Cox 1969). Note that the
matrix viscoelasticity besides possibly inhibiting the drop deformation also retards
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the development of the ﬂow stress that stretches the drop. Therefore, the net
result is a subtle balance of various eﬀects. Maﬀettone et al. (2005) experimentally
observed an overshoot in transient deformation of viscosity-matched Newtonian
drop-viscoelastic matrix systems at high shear rates (see their ﬁgure 2). An overshoot,
albeit less than that, was observed in the experiments, was also predicted by the
phenomenological theory of Maﬀettone & Greco (2004). However Minale’s (2004)
model does not predict any appreciable overshoot. The three-dimensional VOF
simulations of Newtonian drop deformation in viscoelastic matrix, using an OldroydB matrix ﬂuid (Khismatullin et al. 2006) also did not predict any overshoot (see their
ﬁgure 11) for exactly the same parameter values used in experiments.
Next we look at the transient evolution of the drop inclination angle ϕ(t) that
the major drop axis L makes with the positive x-direction. For small deformation of
viscosity-matched fully Newtonian systems, the orientation angle of a drop evolves
on a capillary time scale (Torza, Mason & Cox 1972) and settles to a steady-state
value. As the drop deforms, it experiences greater torque which aligns it towards a
smaller inclination angle. This behaviour is also observed numerically. To illustrate
this point, we plot the scaled transient deformation angle ϕ̄ = (ϕ − ϕst )/(45◦ − ϕst ) vs.
t  for fully viscous systems at diﬀerent capillary numbers (ﬁgure 4a). Here, ϕst is the
long-time steady value of the angle which decreases with Ca, and t  = γ̇ t is the nondimensional time. We also plot in the inset the parameter ϕ̄ as a function of t  /Ca.
The ϕ̄ curves for diﬀerent values of Ca overlap on scaling the independent variable
with Ca, indicating its development with the capillary time scale. For a viscoelastic
system, there is an additional time scale λ associated with polymer stress growth in
the matrix. This eﬀectively changes the evolution time for the inclination angle. In
ﬁgure 4(b), we plot ϕ̄ as a function of t  for De = 2. We see that the transient curves
even for diﬀerent Ca overlap with small disparity at this De, indicating that unlike
the viscous case, the rate of change in the inclination angle is not governed by the
capillary time scale. The transient evolution is governed by the polymer relaxation
time. A similar collapse of curves for similarly scaled deformation D̄ is not observed
at high De. In the inset of the ﬁgure 4(b), the evolution of ϕ for diﬀerent values of De
at Ca = 0.3 shows an increased alignment of the drop with the ﬂow at steady state
with increased matrix viscoelasticity.
7. Steady-state deformation and inclination angle
The steady-state inclination angle ϕst is plotted as a function of De for diﬀerent
capillary numbers (ﬁgure 5a). In conformity with previous investigations (Guido
et al. 2003; Chinyoka et al. 2005; Yue et al. 2005b), we see a signiﬁcant decrease
in the drop inclination angle with increasing matrix viscoelasticity. ϕst ∼ De curves
are very similar for diﬀerent Ca values, i.e. the rate of decrease of ϕst with De
is not strongly dependent on the parameter Ca. Note that for an O/N system,
Aggarwal & Sarkar (2007a) found that the inclination increased with drop phase
viscoelasticity (the eﬀect in O/N is much smaller). Agreement with the well-known
second-order analytical result for the inclination angle in fully Newtonian systems
ϕ = π/4 − (2λµ + 3)(19λµ + 16)/80(λµ + 1)Ca, due to Chaﬀey & Brenner (1967), is
also shown in the ﬁgure (indicated by CB (1967)). For viscosity-matched Newtonian
systems, a more deformed drop (high Ca) experiences greater torque which aligns
it towards the ﬂow direction. For a viscoelastic ﬂuid in shear, the direction of the
principal stress component (of total stress) does not overlap with the principal strain
direction (45◦ from the ﬂow direction), because of the presence of the ﬁrst normal
stress diﬀerence N1 in the matrix. With increasing relaxation time λ (i.e. increasing
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Figure 4. (a) Scaled inclination angle ϕ̄ vs. non-dimensional time t  for De = 0. Inset shows
ϕ̄ plotted as a function of t  /Ca. (b) ϕ̄ vs. t  for De = 2. Curve legends are the same as in (a).
Inset shows transient drop inclination angle ϕ for diﬀerent De at Ca = 0.3.

De), the dominant eigenvalue of the total stress tensor (tensile stress) aligns away
from the principal extensional direction and towards the ﬂow direction. This provides
for an additional torque to the deforming drop, which decreases the orientation angle.
In ﬁgures 5(b), 5(c) and 5(d) we look at the steady-state deformation curves
(deformation parameter Dst , and steady state axes lengths L, B and W ) as a function
of the Deborah number. The L, B and W curves are for two diﬀerent capillary
numbers. The drop deformation Dst does not change signiﬁcantly within the range
of our study. This was also observed in the experiments by Guido et al. (2003) and
predicted by the second-order theory of Greco (2002) for small deformations and
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Figure 5(a, b). For caption see facing page.

p ∼ O(1). The Dst ∼ De curve is non-monotonic with an initial decrease (the initial
decrease being larger for larger Ca) followed by an increase as is also seen from
the transient deformation curves (ﬁgure 3d). The non-monotonicity of the Dst ∼ De
curve was also observed in the two-dimensional study by Yue et al. (2005b). On
the other hand, such non-monotonicity was not observed in experiments; neither is
it predicted by analytical theories (Greco 2002; Maﬀettone & Greco 2004; Minale
2004). However, it should be noted that the experiments were performed for small
elasticity parameter p = De/Ca which restricts their De ∼ 0.6. To understand better
the reason for non-monotonicity, we carefully examine the individual axes lengths for
two diﬀerent values of Ca in ﬁgures 5(c) and 5(d). The initial decrease in the Dst is
primarily due to the increase in the B axis length. This increase is arguably due to
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Figure 5. (a) Steady-state drop inclination angle ϕst varying with De for diﬀerent Ca. (b)
Steady-state drop deformation Dst (normalized against the value for De = 0) varying with De.
Steady-state drop axes length L, B, W and deformation parameter D (normalized with De = 0
values) for (c) Ca = 0.2 and (d) Ca = 0.3.

the decrease in the orientation angle. A drop aligned away from the extensional axis,
experiences lesser shearing force, and as a result, the drop deformation decreases.
A similar decrease in overall deformation and L is expected because of the drop
alignment.
In zero-vorticity linear ﬂows such as the uniaxial and planar extensional ﬂows,
viscoelasticity of the matrix ﬂuid is observed to increase the drop deformation
monotonically (Mighri et al. 1997; Ramaswamy & Leal 1999a; Hooper et al. 2001).
Tretheway & Leal (2001) concluded that the stagnation points at the tips of the drop
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cause the extension of polymer chains, resulting in the formation of pointed ends,
increased deformation and a decrease in the critical capillary number required to burst
the drop. In a sheared system, the ﬂow near the drop tips is locally extensional and we
expect a similar extension of the polymer chains at that location. This would tend to
increase drop deformation competing with the decreasing eﬀects due to drop inclination away form the extension axis. Moreover, this should be a localized eﬀect that
primarily increases deformation at the tips and hence results only in an increase in the
L axis length. Indeed, the L axis length increases monotonically for Ca = 0.2 (ﬁgure 5c)
and shows only a slight decrease followed by an increase for Ca = 0.3 (ﬁgure 5d).
Following Yue et al. (2005b) and Aggarwal & Sarkar (2007a), we plot viscous and
viscoelastic stresses along the circumference of the drop (in the central plane of the
drop i.e. z = Lz /2) as a function of the angular position φ measured anticlockwise
from the positive x-direction, for diﬀerent De at Ca = 0.3. In ﬁgures 6(a) and 6(b)
we plot the viscous and viscoelastic stress normal to the interface i.e. Tnn = n · T · n,
where n is the normal vector to the drop interface. With increasing elasticity, the
magnitude of the tensile viscous stress Tnnv decreases in magnitude; the stress peaks
shift consistently towards lower angular positions. This is due to the orientation
of the drop away from the imposed ﬂow’s extensional direction. Also, the weakly
compressive stress at the drop equator decreases in magnitude slightly. Both these
observations indicate a decrease in the deforming viscous forces. The magnitude of the
p
increases quite signiﬁcantly, from being approximately
viscoelastic normal stress Tnn
v
equal to Tnn at small De = 0.1. This increase is local and primarily at the drop tips.
A look at the primary orientation of the polymer molecules (primary eigen-direction
of the conformation tensor A = (λ/µp )Tp + I in the matrix for a representative case
Ca = 0.3 and De = 1, in ﬁgure 7(a), indicates that the polymer molecules are indeed
normal to the drop interface near the tips; stretching of the polymer molecules is a
maximum here. This observation is in conformity with the observations of Pilapakkam
& Singh (2001) but at variance with that of Yue et al. (2005b). Yue et al. observed
the maximum stretching of the polymer molecules at the drop equator. We believe
that a local extensional ﬂow near the drop tips gives rise to large velocity gradients,
thus locally increasing the stretching of the polymer molecules signiﬁcantly.
Ramaswamy & Leal (1999a, b) pointed out that viscoelasticity could aﬀect drop
deformation through a change in both the balance of stresses normal to the drop
interface and by inducing a change in the ﬂow. In uniaxial extensional ﬂows, the
viscoelastic stresses at the interface cause a reduction in drop deformation and the
curvature at the drop tips. However, a change in the ﬂow, induced by the viscoelastic
stresses resulted in an increased drop deformation. The ﬁnal drop shape was a
balance of the two opposing eﬀects. In a shear ﬂow, drop viscoelasticity has been
found to cause little ﬂow modiﬁcation (Yue et al. 2005b; Aggarwal & Sarkar 2007a).
Flow modiﬁcation due to viscoelasticity can happen only through viscoelastic stress
gradients. In ﬁgure 7(b) we look at the vector plot of the force due to the viscoelastic
stresses, ∇ · Tp in the matrix. It is evident that even at a small De = 0.1 (where we see
a decreased deformation from the Newtonian value), the viscoelastic force tends to
increase L and decrease B, i.e. increase the deformation. A similar plot for the viscous
force ∇ · (µs ∇u) (not shown here for brevity), as expected, reveals also its tendency
to enhance deformation. Steady state represents a balance between the viscous and
viscoelastic forces trying to stretch the drop and the surface tension force trying to
resist it. The reduction in viscous stretching owing to increased alignment at low De
plays a crucial role in decreasing deformation from its Newtonian value. Note also
that the magnitude of the viscoelastic force at the drop tips is signiﬁcantly higher
than that at the equator. This explains why B decreases almost monotonically because
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Figure 6. Stresses along the circumference of the drop in the central ﬂow plane plotted as a
function of the angular position (φ = 0 coincides with x-axis) for Ca = 0.3 and varying De.
p
v
and (b) viscoelastic normal stresses Tnn
. Curve legends are the
(a) Viscous normal stresses Tnn
same as in (a).

of the alignment of the drop with the ﬂow direction (decreased viscous stress), and
L changes non-monotonically (decreasing viscous stress but increasing viscoelastic
stress) with De for Ca = 0.3.
8. Large deformation and breakup
Finally, we look brieﬂy at the eﬀect of matrix viscoelasticity for large deformations
(at Ca = 0.4). In ﬁgure 8, we plot the transient deformation measure L/a; the
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(a)

(b)

Figure 7. (a) Dominant orientation of polymer molecules for Ca = 0.3 and De = 1 in the
central ﬂow plane (b) Viscoelastic force ﬁeld ∇ · Tp for Ca = 0.2 and De = 0.1.
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Figure 8. Transient drop deformation L/a predictions for parameter set close to the critical
case, Ca = 0.4 and varying De.

inset shows the transient drop inclination angle. For Ca = 0.4 and De = 0, the fully
Newtonian system is supercritical and results in an unbounded drop. For De = 0.25,
the drop elongation process is slowed down as the drop quickly becomes aligned with
the ﬂow, but the drop eventually breaks. For still higher De (0.5 and 1.0), we see
bounded drop deformations. Even though for De = 1.0 drop deformation is more than
that at De = 0.5, there still exists a steady shape. Matrix phase viscoelasticity is seen
to stabilize elongated drops in this small range of De. However, on further increasing
De(= 2) we see an unbounded drop deformation because the viscoelastic stresses are
very strong and breakup the drop. In this way, the breakup behaviour mimics that of
bounded deformation, in that smaller viscoelasticity inhibits drop breakup, but higher
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Figure 9. Steady-state drop response predictions for Ca = 0.3 and varying β values. (a) Drop
deformation Dst (b) drop inclination angle ϕst . Insets show the dependent variables plotted
against βDe. Curve legends are the same as in (a).

viscoelasticity enhances. The complete breakup process is slow and therefore involves
lengthy computations beyond our current computational capabilities.
9. Eﬀects of β variation
All the results presented so far are for a ﬁxed value of β = 0.5. Variations with β
amount to an increase in the contribution of the polymeric viscosity in the viscoelastic
phase. Enhanced viscoelastic eﬀects are thus expected for high β values. We plot in
ﬁgures 9(a) and 9(b) the steady-state drop response varying with De, for Ca =0.3

80

N. Aggarwal and K. Sarkar

and diﬀerent β values. The non-monotonic change in steady-state drop deformation
(ﬁgure 9a) is seen for all β values. The change in trend for smaller β values is seen at
higher De. On scaling the independent variable with β (shown in the inset) the initial
descending parts of the curves collapse, indicating a βDe scaling. We attribute the
decrease in deformation to alignment of the drop away from the principal extensional
direction. In ﬁgure 9(b), we plot the steady-state inclination angle of the drop vs. De
for varying β. An increase in viscoelastic eﬀects owing to increase in β causes the
angle to decrease more sharply with De. This decrease is linear in De. On scaling
the x-axis with β (plotted in the inset) the change in angle is clearly seen to vary as
βDe. The variation with βDe indicates the eﬀect of the ﬁrst normal stress diﬀerence
in a steady shear N1 = 2µp γ̇ 2 λ, which when non-dimensionalized by µm γ̇ becomes
N1 = 2βDe.
10. Elastic drop in an elastic matrix
The eﬀect of drop viscoelasticity in shear ﬂows has been studied and detailed
in several previous investigations (Pillapakkam & Singh 2001; Yue et al. 2005b;
Aggarwal & Sarkar 2007a). Elasticity of the drop phase results in an inhibition of
the deformation (an attendant increasing alignment with the extensional axis is also
observed). This eﬀect is limited and saturates at high De. Here, we brieﬂy consider
both phases being viscoelastic. Mighri et al. (1998) experimentally observed drop
deformation where drop and the matrix ﬂuids were Boger ﬂuids with four diﬀerent
relaxation times. They observed that increased drop viscoelasticity decreased drop
deformation whereas increased matrix viscoelasticity enhanced it. As a result, they
observed that increasing the elasticity parameter k = λd /λm = De d /De m decreased drop
deformation. Speciﬁcally, they compared the deformation of a fully elastic system with
that of a fully Newtonian (N/N) system. We would further expect that for smaller
k, matrix elasticity would dominate and the drop deformation would be larger than
that in the fully Newtonian (N/N) system, while for larger k, the drop viscoelasticity
would dominate to decrease the deformation from the N/N system. Mighri et al.
commented that for k < 0.37, steady-state deformation was always greater than that
for the corresponding N/N system and for k > 0.37 the steady-state deformation
was always less than that for the N/N system. However, the experimental system
used by Mighri et al. (1998) is such that both λd and λm are varied to arrive at
diﬀerent values of k rather than ﬁxing the drop/matrix phase elasticity (De) while
varying the elasticity ratio, which admittedly is diﬃcult to achieve in an experiment.
Note that the critical k value, in general, should depend on the Deborah number.
In any event, following Mighri et al. (1998), we plot in ﬁgure 10 the steady-state
deformation as a function of k for Ca = 0.2 for four diﬀerent matrix Deborah numbers
(De m = 0.1, 0.5, 1.0, 2.0). The inset shows a plot of the steady-state inclination angle
for the same cases. For each of the diﬀerent curves, we have ﬁxed the bulk phase
elasticity and varied the drop phase elasticity. We observe, as expected, a monotonic
decrease in Dst (and an attendant monotonic increase in ϕst ) with k. However, note
that in ﬁgure 5(b), we observe a non-monotonic response for the N/O case, in that for
small De m , the matrix viscoelasticity tends to decrease the deformation (as does the
drop viscoelasticity). Therefore, unlike Mighri et al.’s results, we observe that Dst in
the fully elastic case is lower than that of the fully Newtonian system (Dst = 0.233) for
all values of k, at smaller values of De m . However, for higher values, e.g. De m = 2.0,
we observe that Dst in the elastic system is higher than 0.233 (N/N value) for
small k.
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Figure 10. Change in steady-state drop deformation Dst with elasticity ratio k for diﬀerent
De m values at Ca = 0.2. Inset shows the change in ϕst .

11. Summary
Following the numerical investigation of an Oldroyd-B drop deforming in a
Newtonian matrix, we have presented results for the inverse problem of a Newtonian
drop in an Oldroyd-B matrix. We have compared experimental observations of drop
response to variation in matrix viscoelasticity. The drop inclination angle decreases
because of the normal stresses in the matrix, which thereby rotates the drop away from
the stretching axis. This along with a localized stretching of the polymer molecules
at the drop tips causes a non-monotonic change in steady-state deformation with
De. The change in orientation angle of a Newtonian drop owing to matrix phase
viscoelasticity is opposite to and much more pronounced than what was observed for
a viscoelastic drop in a Newtonian matrix. The viscous and viscoelastic forces are
investigated in detail and shown to be in a subtle balance giving rise to the complex
drop response. The angle was also shown to play a critical role in the observed
non-monotonic behaviour. For breakup, at supercritical capillary numbers we see a
range of De in which the matrix viscoelasticity is seen to stabilize Newtonian drops
against breakup. However, above that range, matrix viscoelasticity seems to promote
breakup. For fully elastic systems, we observe that the drop deformation decreases
with increasing elasticity ratio, while the drop alignment decreases.
The work is partially supported by NSF grant CBET-0625599. We also thank
Professor Stefano Guido for providing his experimental data.

Appendix A
Consider the single-phase steady shear ﬂow of an Oldroyd-B ﬂuid with polymeric
viscosity µp . At t = 0, a fully developed shear ﬂow u(x, 0) = γ̇ y ĵ and extra stress
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p

T (x, 0) = 0 is assumed. The Oldroyd-B equations are



∂u
∂u
∂u
∂Txx
λ
− 2 Txx
+ Txy
+ Txx
+ Txx = 0,
∂t
∂x
∂y
∂z

(A 1)

∂Txy
+ Txy = µp γ̇ + λγ̇ Tyy ,
(A 2)
∂t
∂Tyy
λ
(A 3)
+ Tyy = 0.
∂t
The solutions are Tyy = 0, Txy (t) = µp γ̇ [1 − exp(−t/λ)]. The (x, y)-component of the
extra stress contributes to an extra stress along the streamlines, although there is no
straining motion in the (x, x)-direction. Thus, (A 1) reduces to
λ

λ

∂Txx
+ Txx = 2µp γ̇ (λγ̇ )[1 − exp(−t/λ)],
∂t

Txx (t) = 2µp γ̇ 2 λ[1 − exp(−t/λ){1 + t/λ}].
The extra stress is given as




2µp γ̇ 2 λ 1 − e−t/λ 1 + λt
µp γ̇ 1 − e−t/λ
p
T (x, t) =

0
µp γ̇ 1 − e−t/λ

(A 4)

.
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